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^^ ; Abstract 

We consider an infinite family of non-rational conformal field theories in the presence 

O ; of a conformal boundary. These theories, which have been recently proposed in [1], are 

^ ' parameterized by two real numbers (6, m) in such a way that the corresponding central 

charges C(fe,„) are given by C(fe^m) = 3 + 6(6 + 6^^(1 — m))'^. For the disk geometry, we 

Vj I explicitly compute the expectation value of a bulk vertex operator in the case m ^ 1,, such 

t^^ , that the result reduces to the Liouville one-point function when m = 0. We perform the 

\^ • calculation of the disk one-point function in two different ways, obtaining results in perfect 



agreement, and giving the details of both the path integral and the free field derivations. 
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1 Introduction 

Non-rational two-dimensional conformal field theories have important applications in physics. 
Systems of condensed matter, lower-dimensional quantum gravity, and string theory are ex- 
amples of this. In particular, the problem of considering non-rational models on surfaces with 
boundaries has direct applications to the description of D-branes in string theory on non-compact 
backgrounds. 

The study of conformal field theory (CFT) on two-dimensional manifolds with boundaries 
was initiated by J. Cardy in his early work on minimal models [21 El S], and more recently it 
was extended to non-rational models by the experts, notably by V. Fateev, A. Zamolodchikov 
and Al. Zamolodchikov [5l [6] . The CFT description of branes in two-dimensional string theory, 
both in tachyonic and black hole backgrounds, and in three-dimensional string theory in Anti- 
de Sitter space (AdS), attracted the attention of the string theory community in the last ten 
years. The literature on string (brane) theory applications of boundary conformal field theory 
is certainly vast, and we cannot afford to give a complete list of references herein. Instead, let 
us address the reader's attention to the reviews [3 [H [9l fTO] . 

In this paper, we will consider the family of c > 1 non-rational two-dimensional conformal 
field theories recently proposed in [T]. This family of theories is parameterized by two real 
numbers (6, m) in such a way that the corresponding central charges C(b^m) are given by C(b^m) = 
3 + 6(6 + 6-1(1 -m))2. 

The existence of this family of non-rational models was conjectured in Ref. [T] by S. Ribault, 
who presented convincing evidence by performing consistency checks. The way of introducing 
the new CFTs in [1] was constructive: These CFTs are defined in terms of their correlation 
functions which, on the other hand, admit to be expressed in terms of correlation functions 
in Liouville field theory. In addition, a Lagrangian representation of these new models was 
also proposed (see ([3]) below), and this was employed in [TT] to compute two- and three-point 
functions on the topology of the sphere. 

It was emphasized in [1] that, if these non-rational theories actually exist, then it would be 
possible to study issues like their solutions on Riemann surfaces with boundaries. And this is 
precisely the task we undertake in this paper: For the disk geometry, and imposing maximally 
symmetric boundary conditions, we explicitly compute the expectation value of a bulk vertex 
operator in the case m G Z. In the case m = our result reduces to the Liouville disk one- 



point function. For the cases m = 1 and m = b"^ the observable we compute corresponds to the 
one-point function in the SL(2, C)/SU(2) Wess-Zumino-Novikov-Witten theory (WZNW), which 
was recently reconsidered in [12] in the context of AdSa string theory. In fact, our calculation 
generalizes the calculation of [12] to all values of m G Z, showing that the boundary action 
for Euclidean AdS2 D-branes in Euclidean AdSa space proposed in [12] can be extended to the 
whole family of non-rational models of [I]. This is the case even when the theory for generic m 
does not exhibit sl{2)k x sl{2)k afiine symmetry. Consequently, the implementation of conformal 
invariant boundary conditions requires a condition on the stress-tensor explicitly. The boundary 
conditions are discussed in Section 3. 

We derive an expression for the one-point function for all values ttt, G Z. The general 
expression is actually obtained by deriving the following relation between the disk one-point 
function in 7b,m and the one-point function in Liouville field theory 

\ / CFT with C(6.„,) \ / Liouville 

where the observable on the left hand side corresponds to the expectation value of a primary 
bulk operator ^j{fi\z) of conformal dimension hj = —h'^j{j + 1) + (j + 1)(1 — m) in the CFT of 
central charge C{h^m) formulated on the disk geometry (see [Ij for details). On the other hand, 
the observable on the right hand side corresponds to the one-point function of an exponential 
vertex operator of momentum a = b{j + 1) + m/{2b) in Liouville theory on the disk. 

To complete the statement in ([T]), we have also to give the definition of the boundary param- 
eter for the one-point function in 7fe,m- In Liouville theory, the one-point function {Va{z)) ^-^^^^-^yy^ 
is parameterized by a real variable s [13]; in turn, it is necessary to complement ([T]) by intro- 
ducing a boundary parameter r in Tb^m and specifying how it relates to the Liouville parameter 

s. Such relation reads 

mir . . 

r = 27rbs + i sgn(Im/i). (2) 

The need of introducing this boundary parameter r in 7b,m comes from the following fact: In 
Liouville theory, parameter s is determined by the boundary cosmological constant /i^ appearing 
in the action only up to shifts s -^ s + ib~^n with n & 'L (see (1531) - 0541) below), and some 
observables of the theory, such as the Liouville one-point function, depend on s in a way that 
is not invariant under such shifts. Therefore, to completely specify the relation between the 



left hand side and the right hand side of ([T]) it is necessary to prescribe ([2]) and then give a 
definition for the boundary parameter in %^„i in terms of s. In the path integral computation 
we will perform in Section 4, the parameter r will be ultimately related to the coupling constant 
^ appearing in the action (see (1571) below). 

In this paper we will give two different proofs of ([T]) for the casqj m E "Z. That is, we perform 
the calculation of the bulk one-point function in two different ways: First, in Section 4 we give a 
path integral derivation. This consists of reducing the calculation of the expectation value of one 
bulk operator on the disk geometry to the analogous quantity in Liouville field theory, which, 
conveniently, is already known [S]. We closely follow the path integral techniques developed 
in [13], also reproduced in [T^ [T3] . With the intention to make the comparison with these 
reference easy, we aim to use a notation similar to the one used therein, up to minor differences. 
In Section 5, following the steps of [12], we perform a free- field calculations of the same one- 
point function, finding perfect agreement with the path integral computation. In Section 6, we 
analyze some functional properties of the formula we obtain, of which the one-point function in 
Liouville theory and in the WZNW theory are particular cases. 

2 A family of non-rational conformal theories 

The action of the non-rational conformal field theories discussed in [1] is given by 

Sbuik = ^ j d^zg^/^{d(t>d(t) + pd^ + m + ^Rct> + h\-fpre^A (3) 

where Qm = ^ + 6^^(1 — m)^ and where we are using the standard notation d = -^ = ^dx — -^dy 
and d = ^ = ^dx + -^dy. We are interested in the case of the Riemann surface T being the 
disk geometry. Conformal invariance will allow us to represent the region integration F with the 
upper half plane. The notation S'buik in © is chosen to emphasize that we are not including 
boundary terms yet (see ([Hj) below). 

Let us call Tm,b the theory defined by the action ([3]). Then, we notice that the case 7o,b 
corresponds to Liouville field theory coupled to a free /3-7 ghost system. On the other hand, the 
case Ti^i/^fc32 corresponds to the i73^=SL(2, C)/SU(2) WZNW theory with level k = b'^ + 2 



^It seems natural to conjecture that a relation like ([T]) with ([2]) also holds for arbitrary (not necessarily integer) 
values of m. 



written in the Wakimoto free-field representation [TB]. Besides, 7^.„2 Vfc^ ^^^o yields the H^ 
WZNW theory, with level k = fe"*"^ + 2; see [TT]. In fact, the action above can be regarded as a 
generalization of these well-known non-rational conformal field theories. 
The free stress-tensor associated to ([3]) is given by 

T{z) = -p(z)d^(z)-{d(l)iz))'' + Qmd^(f>{z) (4) 

and by its anti-holomorphic counterpart T^z). This yields the central charge of the theory 

C(b,m) = 1 + QQl^. (5) 

The conformal dimension of the field 6^°"^ with respect to (^ is {ha, ha) = {a{Qm — «), C({Qm — 
a)), while the conformal dimensions of /3 and 7 are (1, 0) and (0, 0), respectively. Therefore, the 
last term in the ([3]) is marginal with respect to the stress-tensor (^ ii hb = hb = b {Qm — b) = 
1 — m, yielding the relation 

Qm. = ^+— ^- (6) 

As mentioned in the Introduction, the theory with rra = 1 (and the theory with m = b'^) 
corresponds to the SL(2, C)/SU(2) WZNW model, which exhibits sl{2)k x sl{2)k afiine Kac- 
Moody symmetry. This symmetry is generated by the Kac-Moody current algebra 

J~{z) = P{z) (7) 

J^(z) = (3{z)j{z) + b-^d(l){z) (8) 

J+(z) = p{zh\z)+2b~'^iz)d<j){z)-{b-^ + 2)d^{z) (9) 

together with the anti-holomorphic counterparts J ' (z), where 6~^ = k — 2. In contrast, the 
theory flT^ for generic m exhibits only the algebra generated only by the two currents J^{z) 
and J~{z), 

TT) 

J-{z) = Piz), J\z) = Pizhiz) + jd<f>{z) (10) 

and by the pair of anti-holomorphic analogues. Currents (llOp obey the following operator 
product expansion (OPE) 

J-(z)j3(w;)^/-^ + ... J3(^)j3(^)^_li±!^^!^^ + ... J-{z)J'{w)c^... (11) 

[Z — W) [Z — U7j^ 



where the elhpses stand for regular terms that are omitted; and this reahzes the Lie brackets 
for the modes J^~ = ^. J dzJ^~{z)z^'"'^^. The spectrum of the theory would be constructed 
in terms of primary states with respect to these currents. Vertex operators creating such states 
are of the form 

whose holomorphic and anti-holomorphic conformal dimensions are given by 

hj = h =(-fe'j + l-m)(j + l), (13) 

and where // is a complex variable. The spectrum of normalizable states of the theory, which 
is ultimately expressed by the values that j takes, is to be determined. The dependence on 
p{z) in (IT2|) was introduced because throughout this paper we will work in the conformal gauge 
ds^ = \p{z)\'^dzdz, and such dependence is the one required for ^^{fi\z) to transform as a primary 
{hj, /ij)-dimension operator under conformal transformations. 

3 Boundary action and boundary conditions 

The boundary term we add to the action ([3]) to define the theory in a surface with boundaries 
is the following 

^boundary = ^J dx Q^/^ (Q^Kcf) + '-(3 [^ + ^ - ^ T'^ e'^) Y (14) 

where ^ is an arbitrary constant. This is the natural generalization of the boundary action 
proposed in [12]. Since the field /3 is not supposed to be positive, we assume here that ?Ti G Z. 
This is a limitation of both our path integral calculation and our free field calculation, and this 
is why the expression we get is valid for ?7i G Z. 

We will consider the theory on the disk. In turn, conformal invariance permits to chose F as 
being the upper half plane Im(z) = y > 0, with z = x + iy, and, consequently, the boundary is 
given by the real line 'Re{z) = x. On the disk geometry, we will consider the case of maximally 
symmetric boundary conditions (see flT7|) -f lT9|) below). To implement this, first we integrate by 
parts the 7-/? terms of flT^ . Then, integrating the resulting expression over the semi- infinite 
line Re(|/) > 0, we see that two pieces —^f3'y\y=o and +^f3'y\y=o come to cancel the contribution 



P{l + 7) ill dH])- The total action then takes the form 

S = — [ dhg'/^(d<l)d<p--fdf3-^d'P + ^R<p + b\-PPre^'A + 

2Wr V 4 J ^^^^ 



+ ^j^/^9"'{QmKct^-'^re"'^ 



It is convenient to introduce bulk and boundary coupling constants (A, A^) to control the 
strength of the interacting terms. This is achieved by shifting the zero-mode of cf) as follows 
</)—)■(/)+ ^ln(A/6^) and redefining ^ = 2z6Ab/vA. This makes the interaction term in the 
action to take the form A Jp(— /3/3)''"e^^'^ + A^ J™ (5"^e^'^, which is useful to perform the free field 
calculation (see Section 5) as in this way one has access to a perturbative treatment of the 
screening effects. The coupling ^ takes imaginary values for the boundary action to be real. 

Varying the action (TT^ in the boundary and imposing the condition 6{f3 + P)\z=z = 0, one 
finds 



SSlar = ^ dx ((-9 + 9)0 - e&/3'"e''^) 50+ (7 + 7 - ^m/J^-^ e'-^) 5/3 
From this, one reads the gluing conditions in 2; = ^ = x, which have to be 



(16) 



/3(x) + ^(x) |,=, = (17) 

7(x)+7(x)|.=.- = em/3'"-\a;)e^^(^) (18) 

-9 + 9)0(x)|,=,- = ^bp^ix)e'^^^^ (19) 



And these conditions correspond to 



J-(x) + /-(x) |,=,- = 0, (20) 

J\x) - J^ix) |,=, = 0. (21) 



While f l20|) is evidently satisfied, condition fl2T|) can be checked taking into account the 
conditions flT71) - flT9|) . 

The other condition to be considered in the boundary is 

T(x)- f(x) ,,=,= (22) 



which guarantees boundary conformal symmetry. This classical analysis suggests that with these 
boundary conditions one obtains a theory that preserves the conformal symmetry generated by 
J~{z), J^{z), and T{z). The free field computation ultimately helps to prove this explicitly. 

Now we have discussed the boundary conditions and proposed the form of the boundary 
action, we are ready to undertake the calculation of the one-point function. 

4 Path integral computation 

The one-point function we are interested in is the vacuum expectation value ($-'(/i|2;))^ of one 
bulk vertex operator (IT2|) in the disk geometry. This is given by 



(23) 
with P^/3 = P/3P/3, and P^7 = V'-fV'y, and imposing /3 + /3 = on the line z = z as boundary 
condition. The action S in fl23|) is given by flTSj) . 
Integrating over the fields 7 and 7 we get 

I V-i e^ ^ '"'"'^'^^ e^^^'^ = s(^d(3iw)+fxS^^\w-z)] (24) 

and, respectively, 

fv^e^^'^'^'^^'^e''^^'^ = 5(^d^{w)-JiS^^\w-z)]. (25) 

Using that B (i) = t^ (|) = 27r6^^'{z) we can write 

^ dp{w) + ^d(^—] = (26) 



27r 2-11 \w — z 

Then, in the boundary we impose 



2n 27r \w — z 



^d'^{w)-^d(-^] =0 (27) 



/3 + ^|,=2 = 0. (28) 



Now, we integrate over /3 and (3. Considering the conditions above, we get a non-vanishing 
solution only ii fj, + fi = 0. The solution for (3 and P are thus given by 



/3o(^) 



fJ- 



f^ 



-/i [Z — z) 



w — z w — z {w — z){w — z)' 

fi ^ fi -Ji{z-z) 



(29) 
(30) 



w — z w — z {w — z){w — z) 

Now, we can follow the analysis of [H] closely. We consider the exact differential p{w)(3q{w), 
whose expression we can give in terms of its poles, up to a global factor u. Then, evaluating /3 
the function to be computed can be seen to take the form 



Q'f'''\z) 



/ V(j)exp— I — / d'^w {d(j)d(j) + lP'\u 



2L.|2m|^_^|-2m, _-|-2m 



\p{w)\ 



-2m 2b(f> 



X 



^^ 



xexpl --^ / dTu'^{T-zY'^{T-z)-'^p{w)-^e^^] \p{z)\''^^ 1^1^"^^^+^^ e'^^^+^^^'^'^'^5^^\p + Ji) 



Now, consider the following change of variables (i.e. field redefinition) 



m 



{w) — )■ (j){w) — —In \u\ 



(31) 



(32) 



which consequently gives e'"^'-'^^ — )■ e'"^^'"-' |n| *". This induces a change in the linear "dilaton" 
term — g^ /p d^w g^^"^ QmR<P — ^ Jqy dr g^^^KQm<P, which now takes the form 



^ f d^w g'/^ QmR(p - ^ I dTg^'^KQ^<P + 



Stt 



In \u\'m I 1 



1 — m 
~1^ 



d^wg^l^R+— / drg^/^K 

^TT Jt 27r Jqy 



(33) 



Using the Gauss-Bonnet theorem, which states that the Euler characteristic of the disk is 

1 /" , 1 



x(r) 



^TT 



d^wg^/^R 



271 



drg^'^K =1, 



(34) 



dV 



we find 

n^p'\z) 



w — z 



-i-2™|p(z)|-2-e2*'^) I X 



P^exp - ( — / d^w [dcpdcp + h^\w - z\- 

X exp (-'^ (^\ " /" dT{T - z)-"^ (r - 2)-"^ p-'"(r)e^<^') x (35) 

X5(2)(^ + /i)|p(;2)P^^- |p|'™(^'+^) |^|-m(2i+l+b-2(m-l))g26(i+l)*(.,.-) 



Now, let us perform a second change of variables, 

(l){w, w) = /^{w, w^) + 777 (ill 1^ ~ 2;|^ + In |u; — z|^ + In \p{w)\^^ , (36) 

which amounts to say 

e'"!' = e'"' \w - zr \w - zr \p{w)r (37) 

and 

dd(f){w,w) = ddip{w,w) + ^5(2) {\w - z\) + '^6^^\\w - z\) + ^dd\n \p{w)\\ (38) 

In the bulk action this change produces a transformation in the kinetic term —^f^ d'^wd(j)d(f), 
which becomes 

— f (fwipddip+'^ f (fwip6^''\\w-z\) + '^ I d?w^6^^\\w-z\) + 
2vr Jr 26 J^ 26 J^ 

Tfl f — Tfl f 

-\ / (fw if dd\\i\p{w)\^ ^ — I c/^w (Inlw- 2p + ln|w- 2p + ln|p(w)P) x 

47r6 Jy 4:710^ Jr 

X (-dd^ + 7i6^^\\w -z)\+ 7i6'^^\\w -z\) + l ddln \p{w)A . (39) 

\ fit ^ J 

Using the regularization [H] 

limln|w - 2p = ln|p(2;)p, (40) 

being 

ds^ = \p{z)\^dzdz, ^R = -Add In \p{z)\^, (41) 

one finds that the right hand side of (l39l) takes the form 

1 / — 1 / 772 in Tfl Tfl 

- ^j/wa^f8^ - -j^,l\.^-R^+-^i,)^-ln\z-z\ + ^JnHzW. (42) 

The boundary action also suffers a change. Recalling how to write the extrinsic curvature 
K in terms of 5^ In |p(r)p, we find that, under the change fl36p . the boundary action changes as 
follows 

55boundary = ^ [ Q^'^K^). (43) 



2vr6 jQY 

In turn, the changes above induce a modification in the value of the background change Qm, 
shifting it as follows 

Qm -> Qm + -r = b+ -— + — = 6 + - = Qm=0 44) 

6 bob 
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which gives the Liouville background charge QLiouviiic = b + 1/b as the result. 
With all this, the one-point function we are trying to compute takes the form 



n^''\z)= 52(/i + /i)|«r(i+^) 



Z — Z\2b- 



X exp 






dr 



dv 



r — z\ \r — z\ \p{z)\\ ' 



1 



2n Jy 



T — Z T — Z p{z) 



obf 



^2bU+l)^f^iz)^ 



^ I |2m(j+l) 1^ _ -|2m(i+l) , |-2m(i+l) 



IpWI 



2h 



■■'^263 



Then, taking into account fHOjl . 

^2biJ+lMz,z) ^f<piz,z) ^ ^(^2b{j+l) + f)<p{z,z)^^^^^^2mij+l)^ 



(45) 



(46) 



what amounts to extract the pole in the coincidence limit of the two operators e^'^^^'^^^'^^^'^^ and 



n<f'''\z)= 52(/i + /i)|/ir^"'(^'+i--)(2y)™^"'('''+^^™/2) y py,exp 



-— f d^w{dipdip + b''e^'^) 



X 



X exp 



47r Jqy 



|p(^)l 



2hj+m{b^+l-m)/b'^ {2b{j+l)+m/b)tp{z,z) 



(47) 



where sgn(Im/i) is the sign of the imaginary part of fi. Notice that this expression is well 
defined for m G Z, as in that case the quantity (sgn(lm/i))'" is real. Remarkably, the expression 
on the right hand side of fH7|) corresponds to the disk one-point function in Liouville field 
theory multiplied by a factor 5^(/i + /i)|/i|'"''~^^''^"'"^~'")(2|/)'"^~^^^^+^~"^/^\ provided one agrees on 
identifying the Liouville parameters a, 6, //^ and fi^ as follows 

(49) 
(50) 
(51) 



Pi = 


27r 27r' 




f^B = 


= ^(sgn(Im/x))- = 


\b 

47r' 


a = 


= Kj + l) + i, 





m 



a{QL-a) =^i + ^(^' + l-Y 
where we are using the standard notation; see for instance [13l |10]. This is to say 



^Mz] 



5^(/i + /i)|/i| 



m(l+i-^) 



(2y) 



m(l- 



' m 



VJz] 



(52) 



Liouville 
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where Va{z) = e^°"^^^'^\ This trick, which is exactly the one used in [12] to solve the case m = 1, 
leads us to obtain the explicit expression for fi^™' in terms of the Liouville one-point function 



Jm=0,b) 



J 



^ +m/2fe2- ^^ fact, the expression for the disk one-point function of a bulk operator in Liouville 
theory is actually known [5l [13]; it reads 

.,-2.2^ /_,. nb') \^_,,o_„.o„ ^^^T..o.„ .2^ ^ /2« - Q 



Liouville b \ r{i-b^)j \ b 



(53) 



where the parameter s obeys 



cosh(27r6s) = -^Vsin(7r62) (54) 



and where f^o is an irrelevant overall factor we determine below (see Section 5). 

Thus, by following the trick in [12] (see also [TH [191 121]), we managed to calculate the 
expectation value ilj of a bulk operator in the theory Q on the disk by reducing such 

Jm=0,b) 

U UliClt Ul tliC UUOCIVCIUIC i, 

m G Z reads 



calculation to that of the observable fl\^a^L , in Liouville field theory. The final result for 

^~ b 262 ^ 



■ I _1 l — m 

(TfilT ( 1 — 772 \ \ 
(r - i— -(sign(Im/x))) ( 2 j + 1 -^— J J (55) 

with hj = —b'^jij + 1) + (j + 1)(1 — m) and where we introduced the parameter 

TTITT 

r = 2iibs + i-— sign(Im/i). (56) 

This boundary parameter r is analogous to the one introduced in [17] for the WZNW theory 
m = 1. Here we are involved with the case of m G Z,, for which the Lagrangian representation 
015p makes sense, and then the boundary parameter r is related to ^ as follows 



cosh(r - z— sign(Im/i)) = z^ (sgn(Im/x))'" -J . (57) 

Again, as it happens in Liouville theory, relation (15 7p exhibits a symmetry under the shift 
r ^ r + 2-711, while definition (|2]) does not. Consequently, it is ([2]) (and not f[57|) ) the expression 
that has be considered as the definition of r in terms of the Liouville parameter s. 

12 



We already mentioned in the Introduction that expression flS2]) fulfils several non-trivial 
consistency checks; for example, the reflection equation fl^ . Actually, f lS^ . together with (I55|) . 
could be regarded as the conjecture for the bulk one-point function of the CFTs are thought to 
exist. 

In the next section we will reobtain the result (153]) using the free field calculation. As the 
path integral derivation, the free field derivation will be also valid in the case of m being an 
integer number. 

5 Free field computation 

In this section, we compute the bulk one-point function in a different way. We will consider the 
free field approach, which has proven to be a useful method to calculate correlation functions 
in this type of non-rational models on the sphere [22l |23| [2l] . 

We consider Newman boundary conditions for the fields; namely on the boundary dT we 
demand d(j) — d(f), P + P and 7 + 7 to vanish. This is consistent with the boundary conditions 
flT7|) - flT^ in the perturbative free field approximation (where .^ = is considered to compute the 
correlators and the boundary interaction term is realized by additional insertions perturbatively). 
For such boundary conditions on the geometry of the disk, the non-vanishing correlators turn 
out to be 

(^(j){z,z)(j){w,w)') = —\n\z — w\\z — w\, (58) 

(miH) = — —, {mi{w)) = —^, (59) 

^ ' z — w z — w 

im^M) = -^, {mii^)) = ^—- (60) 

z — w z — w 

where we see the mixing between holomorphic and anti-holomorphic modes due to the presence 
of the boundary conditions. 

Now, we have to verify that the boundary term we added to the action actually corresponds 
to a theory that preserves the symmetry generated by J~{z), J^{z) and T{z). Checking this at 
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the first order in A^ amounts to check that the following expectation values vanish, 

/{j-{z) + J-{z)) I dTrir)e'^^'\.) = 0, (61) 

\ Jdr I \z=z 

{.P{z)-.P{z)) f dTr{r)e'"f'^^\.\ = 0. (62) 

Jdr I \z=-z 

Once again, this is completely analogous to the analysis done in [12] for m = 1. However, in 
contrast to the case of the WZNW theory, where the condition J~^{z) + J'^{z) = in known to 
hold as well [12], in the case of generic m we have to impose 

{T{z)-f{z)) [ dTr{r)e'^^^K..\ =0 (63) 

Jdr I \z=-z 

explicitly. To verify that conditions ( 16T]) -( 163|) are obeyed, first we compute the following operator 
product expansions (OPEs) 

J-{z)r{r)e''^^^^ ~ (64) 

J-{z)r{r)e'"^^^^ ~ (65) 

and 

J3(z)/3'"(r)e''^(^) ~ (66) 

J\z)r{r)e^^^"^ ~ (67) 

where we considered that in the boundary /3(x) = — /3(x), and where the symbol ~ means 
that the singular terms vanish when evaluating in the boundary. 

Next, we have to impose condition f lB^ . To do so, we have to compute the OPE 

\ Z — T J Z — T 

where, again, the symbol ~ means that the equivalence holds up to regular terms and exact 
differentials when evaluating in the boundary. Analogously, we have the anti-holomorphic part 

\ Z — T J Z — T 



In the boundary we find that fl68l) and fl69|) contribute with the same piece and then we 
verify that fl63l) is actually satisfied. 
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Then, we can proceed and compute the bulk one-point function using the free field approach. 
This observable is given by 

1 



ny 



{■m,b) 



V(j)V^PV^'^ exp 



2..,^—^ib'^^Tj/'''^~%fI/"^^- 



2n 



27r 



Jar 47r Jgr 



I |2m(i+l) ^fj.j(z)-p.y{Z) ^2b{j+l)cl,{z,z) 



with Qr 



1— m 



The notation we use is such that z = x + iy and w = t + ia. 



Splitting the field </> in its zero-mode 0o ^^^ ^^^ fiuctuations (p' 
the Gauss-Bonnet contribution gives 






(70) 
Q, and recalling that 

(71) 



we find 



V4)'d(f)QV^/3V^je ^1^=0 exp 

^ g2fe(j+l)</,o g-GmfZ-o |u|2"^(j+l) e'^7(2)-A7(S) g2b(j + l)«!,'(z,5) 



7 2 /■ 

— e2^*« / (-/3/3)'"e 
2vr Jr 



m 2b<j}' 



exp 



.4vr Jar 



m 60' 



(72) 

where Sf^^g means the free action, i.e. the action (IT5|) with A = A^ = evaluated on the field 
fiuctuations </>'. 

Then, we have to integrate over the zero-mode (J)q. The interaction terms in the actions give 
the following contribution to the integrand 

'0 Okj, / / ^^\,m OKA,' ^S 



exp 



27r 



e2b0o / (_^^)mg2fe</,' ^ ^gfe</,o / /3"^e''^' 



47r 



dV 



(73) 



while the vertex operator itself contributes with an exponential e*-^**--^"^^-'"'^™''''^''. There is also 
a contribution from the background charge. For the disk geometry, both bulk and boundary 
screening operators are present. Standard techniques in the free field calculation yield the 
following expression for the residues of resonant correlators, 

1 



Res Vt 

2j+l~ 



{m,b) 






^tif(z)-tj.'y{z) 



X e 



oo ^ oo ^ oo 

|2m(i+l) 

p,l=0 ^ i=l-^^ fc=l -^"^ 

2p+l — n 

2b{j+l)^{z,z) TT (~^ ) / ^^W g26</.K,tD,) TT ^^m gb0(a:fc) 
i=l fc=l 



X 



(74) 



471 ' 
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where, as mentioned, now both bulk and boundary screening operators, Jp(— /3/3)'"e^'"^ and 
J P'^e^'^, appear. As shown above, the integration over the zero-mode (pQ gives a charge 
conservation condition that demands to insert a precise amount of screening operators for the 
correlators not to vanish; p of these screening operators are to be inserted in the bulk, while / 
of them in the boundary, with 2p + I = n. The precise relation is 

1 — m 



2b{j + l) + 2bp + bl = Q.^ = h + 



(75) 



that is ra = 2p + l = -2j - 1 + (1 - m)/b^. 

The correlator then factorizes out in two parts: the part that depends on </>, and the contri- 
bution of the 7-/3 ghost system. The Coulomb gas calculation of the (p contribution yields 



P I 



j=l 



X \2y\ 



k=l 



ll(y" + ^l)Il\y 



' ' wf\' 



.fc=l 



i=l 



Yl\u^i -xki'^Yl 



\Wi -Xk\ II \Wi - Wi'\ 
.,k i<i' 



'Yii^i -^i'l n 



\Wi -Wi'\ I I \Xk - Xk' 
k<k' 



-26^ 



(76) 



On the other hand, for working out the ghost contribution 7-/? it is convenient first to consider 

the OPE 

/ M7(.)-A7(.-)^(^)\ = _J^ + ^_ = /^(^-^) (77) 

\ / w — z w — z [w — zj[w — z) 

This implies that the 7-/^ correlator takes the form 



ofj-'yiz)-fi'y{z) 



n(-/3(^.)^(^.))") = fi'"-' {2^yy^^ H 



and 



j=i 



^fi"/{z)~^i"/{z) 



L |^2_^y^2|2m 



Ue- 



(n.)) = ,^"»(2'i'i/)"»n 



k=l 

The full correlator is then given by 



\ iy' + Tk) 



pM7(«2/)-A'7(-«y) 



n 



27r 



-p{wm^^)rll^^^^^y 



k=l 



27i6{fi + fi) (^] f^(-sgn(Im/i))™^ [2^1""' l/il""^]! , ^ ^ , ,^ , , , , 



n 



(78) 



(79) 



(80) 



2W 

k) 
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Returning to the form of the resonant correlators, for which p and / are integer numbers, the 
residues of these observables take the form 



2i+n-^=-" 



Res (]('"''') 

■ra-l 
P 

n 



p=0 /=0 ^ \ / \ / 



X 



X 



(Pwj 



y2_i_y^2|4b2(i+l)+2,: 



n 



dXfc 



\ (y^ + xlf^i+^^ 



+m 



Y\\Wi-Xk\^Y\\^i~^i'?^ (81) 



i,k 



i<i' 



X n ki - Wi'\ W \Xk - Xk' 
i,i' k<k' 



-2b2 



5(^ + ^)|^p(H-^) |2y|-2620-+l)2+„^_ 



To solve this we use the following integral formula (see Ref. [12] for the computation in the 
case m = 1) 



ynJa) 



1 



n 



d'^Wj 



p\{n — 2p)\ J \^ ly"^ + w'^ 

X n ki - ^i'\ n 1^'= ~ ^'^'i 

i,i' k<k' 



,,2 1 2a 



n 



dxk 



\ (y2 + x; 



2\a 
k) 



'- i,k 



n 



i<i' 



J]^ |u;i -Xfcl^TT I'Uii - u;,vpx 



-2b2 



(82) 



with a = 26^ (j + l)+?7i = l + 6^ — 6^n. The solution of this multiple Selberg-type integral is 
given by 



Yn.pM 



_ -|n(l-2a-(n-l)fe2) 



\Z — Z 



27r 



r(l-62)y r2!(sin(7r62))) 



4 (a) JnA(^ 



pV^)i 



where 



and 



I J a) 



n-l 

n 

j=0 



'JnjAOj] 




i-l 

n 



i=0 
i-1 



r=0 



r (1 - (i - l)&^) r (2a - 1 + (n - 1 + i)6^) 
r2 (a + z62) 

; r(n-p-i + l) sin(7r62(n- 2z + 1)) 

r(p - i + l)r(n - 2p + 1) sin(7r62(n - « + 1)) 

sin(7r6^(n — r)) sin(7ra + 7rb'^{n — r)) 
sin(7rfe2(r + 1)) sin(7ra + vrfe^r) 



(83) 



(84) 



(85) 



For the case of our interest, a = 1 + 6^(1 — ra), and the function /n(a) simplifies substantially, 
taking the value /„(a) = F (1 — b'^n). The sum over Jn,p{o) also simplifies notably; see below. 
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Then, we find the expression 

27r Wil-b^n) 






■X 






X 






p,«=0 



with /ij = 62j(j + 1) - (j + 1)(1 - m). 

We may try to simplify the expression above further. Following [12], we find 



|n/2| 

J^(-l)P(2cosh(27rfo))'^-2pj„,p(l + 6^(l-n)) = cosh(27™6s), (87) 

p=0 

where 2Tihs = r — i{m7r /2)sgn{Iinfi) and where we replaced a = 1 + b"^ — iPn. According to the 
notation introduced in (1571). we write 



4 = H-sgn(Im/i)) W . . ,ox cosh(r-z— -sgn(Im/x)), (88) 

smi^vro^j z 



and this yields 



n—2p 



'^ ' sgn(Im/i))'"V = f-±J-^;^] (cosh(r - z^sgn(Im/i)))"-2^ (89) 



47r y \ 47r y sin(7r62) y 2 

Replacing this into the sum in f l86|) we obtain 



°° °° / ^2 \ P / -f \ ' o-2p 

Ei:*^.-..,o(-ir(^) (^(-g"(lm.))") (-p^^»» = (90) 

= (-1)" 2-2" TT"" (r(l - 62)r(l + h^)) ^ cosh(n(r - I sgn(Im/i))), 

which can be proven using, in particular, the relation 7r/sin(-7r6^) = r(l — }p')T{h'^). 
Putting all the pieces together, the final result for the resonant correlators reads 



Resn<;-') = 2-ifi(^ + p)W"(-'?)|.-r-^^^(^^) 



2 



X r(l — iP'n) cosh(n(r — i sgn(Im/i))) 
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(91) 



This can be rewritten by recalling that for n G Z>o it holds 



ih„.r(.-„) = (-ir^^, (92) 



which allows to replace the factor (— l)"/n! in ( 19T|) as follows 

i-iY 



^^^_^^^^r(2j + l + (m- 1)6-2). (93) 

were we used (1 — m)h~'^ — 2j — 1 = n. Written in terms of j, 6, and m, the final result reads 

2j + 1 - -^ j r (62(2j + 1) + m) cosh ( (r - ^— sgn(Im/i)) ( 2j + 1 - -^ j j 

(94) 

with /ij = — 62j(j+l) + (j+l)(l— 772) andcosh(r— i^sgn(Ini/i)) = 2^(sgn(Ini/i))'^-y/siii(7r6^)/87r6^. 
And we see that expression (1941) coincides with the path integral result (13^ if we chose the nu- 
merical global coefficient in fl55|) to be r2o = (7r/2)" . Therefore, we find exact agreement 
between the path integral calculation and the free field calculation. This manifestly shows that 
free field approach turns out to be a useful method to find the general expression of correlation 
functions in non-rational CFTs. The path integral method actually reduced the problem to that 
of computing an observable of Liouville theory, which may be done by different methods, e.g. 
the bootstrap method. The relation existing between correlators of the conformal theories Tm,h 
defined by the action (1151) and correlators of Liouville theory is a generalization of the so called 
H^ WZNW-Liouville correspondence [271 EHl 123 [II]- The free field approach, on the other 
hand, gave a quite direct computation of the disk one-point function. 

6 Analysis of the one-point function 

Let us first analyze some special cases of the general result (l94l) . The first particular example we 
may consider is clearly the theory for ?7i = 0, namely Tm.=o,b- In this case, one-point function (IMj) 
trivially reduces to Liouville disk one-point function (I53p . Normalized states \a) of the theory 
are created by the action of exponential vertex operators on the vacuum, lim^^o e^"'^*-^-' |0) = |a), 
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having momentum a = Q + iP, with P eM. and Q = b + b ^; see for instance [23 [101 [2S] • Then, 
Liouville one-point function reads 



WZNW \ ^(1 ^_2) 



where s given by cosh(27r6s) = y sin(7r62)yU^/yU^, and where we have fixed the Liouville "cos- 
mological constant" fi^ to a specific value. 

Next, we have the case m = 1, which corresponds to the H'l WZNW theory with level k, 
7^=1 fe=(;j,_2)-i/2. In this case, the observable ^j~ ' ~^ ~ ' ' = ($j(/i|2;))^2Nw represents AdS2 
branes in Euclidean AdSs space. This is 

/$j(/i|z)\ = 7ry/k-2 6{iJ + Ji) |/i| 

\ / WZNW 

xF (ip) r I 1 + - — - I cosh iirp + — p(sign(Im/i)) j . (96) 

where j = —1/2 + ip belongs to the continuous representation, with p E W, and where the 
parameter r is that introduced in Ref. [17]. The string coupling constant g'^ = e~'^^'^''^ = 
g-x/v2fc-4 ^g^g g^jgQ gxed to a specific value to absorb fio (here, ("i?) represents the expectation 
value of the dilaton field, and x is the Euler characteristic of the worldsheet manifold.) In terms 
of fields 0, 7 and 7 we used to describe the theory ([3]), AdSs metric is written in Poincare 
coordinates as ds"^ = P [dcj) + e^'^d'yd/f)^ where / is the "radius" of the space. When formulating 
string theory on this background, the level of the WZNW theory relates to the string tension 
as follows k = P/a'. Branes in Lorentzian and Euclidean AdSa space were extensively studied 
in the literature; see for instance [T71 |30l [321 [311 [Ml [SI [El [20] and references therein. 

The case m = b"^ also yields the H"^ WZNW theory with level k = b^"^ + 2. The fact that 
the WZNW theory is doubly represented in the family {Tmb} is associated to Langlands duality 
[TT] . In the free field approach this is related to the existence of a " second" screening operator. 
In this context, free field calculations using the Wakimoto representation with m > 1 were 
already discussed in [22]. In fact, the computation we performed this paper can be regarded 
as a generalization of the one in [22] to the geometry of the disk and to the case where m is 
not necessarily equal to b'^'^ + 2. Furthermore, one could feel tempted to go a step further and 
conjecture that a relation similar to ([I])- ([2]) also holds for one-point functions in the theory %^rn 
with arbitrary (not necessarily integer) value of m. 
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Other case of interest is the theory for m = 2. In this case, correlation functions on the 
sphere were shown to obey third order differential equations that are associated to existence 
of singular vectors in the modulo [1]. This raises the question as to whether the existence of 
singular vectors could be used to compute observables in the theory with boundaries by means 
of the bootstrap approach or some variation of it. It could be also interesting to attempt to 
compute observable in the presence of a boundary by using a free field representation similar to 
that proposed in [35] to describe the m = 1 theory. Such free field representation amounts to 
describe the H'l WZNW theory as a c < 1 perturbed conformal field theory coupled to Liouville 
theory, resorting to the H^ WZNW-Liouville correspondence (see also [5B]). 

Now, let us analyze here some properties of the one-point function for ?Ti G Z we have 
computed in ( 194|) . Important information is obtained from studying how Q,j' transforms under 
certain changes in the set of quantum numbers {m,b,j) that leave the conformal dimension hj 
unchanged. Looking at this gives important information about the symmetries of the theory. 
But, first, a few words on the scaling properties of the one-point function f l94p : The reason why 
we previously said that the precise value of the overall factor Qq in f l53|) and (l55l) was "irrelevant" 
was that, by shifting the zero-mode of the field (p one easily introduces a KPZ scaling A in the 
bulk expectation value, and this yields 

Then, since Qq also goes as a power n/2 = — (2j + 1 -|- (m — l)6~^)/2, its value can be absorbed 
and conventionally fixed to any (positive value). In turn, we prefer to write flM|) by replacing 

r(l - 52\\ (2j+l+(m-l)fe-2)/2 . j^.^ _ ^2N\ (2i+l+(m-l)fe-2)/2 



Now, we are ready to study the reflection properties of (p4l) . Using properties of the F- 
function, it is easy to verify that the following relation holds 

n'-'n<-" .,_,=«<-", with ;;(-a. , 1 (.JJl^nV'^'^^ -<^^:> + 1 + (■» - ')"-" 



\Tl- 



J -1-i-^ ^ ' ^ 62 V r(l + 62); ^(_(2j + l)62_(^_l))^ 

(99) 

where 7(x) = r(x)/r(l — x). It is remarkable that the reflection coefficient i?^"^' , which is 

given by the two-point function on the sphere, arises in this expression. This generalizes what 

happens in Liouville field theory and in the H^ WZNW model, and this is related to the fact 

that one eventually associates fields $j and fields Rj^' $_i_j_{,-2(^_i). 
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Other functional property of the one-point function that is interesting to analyze is how it 
behaves under duality transformation b — t- 1/6. Actually, one can show that (IMl) obeys 

^(^,) ^ ^(^^^^-f;) ^, (100) 

provided the KPZ scaling parameter A' associated to the function on the right hand side relates 
to that of the function on the left hand side through 

Last, let us mention another interesting problem that involves the theories Tm,b formulated 
on closed Riemann surfaces and that is in some sense related to the path integral techniques 
we discussed here. This is the problem of trying to use the path integral approach developed 
in [H] to define higher genus correlation functions for m G Z, relating higher genus correla- 
tors in Tm,b to higher genus correlators in Liouville theory. Correlation functions on closed 
geims-g n-punctured Riemann surfaces in the theories Tm,b could be relevant to describe higher 
?Ti-monodromy operators in N=2 four-dimensional superconformal field theories, according to 
the recently proposed Alday-Gaiotto-Tachikawa conjecture [371 ES EH]; this is because n-point 
functions in Tm,b are in correspondence with (2n + 2g — 2)-point functions in Liouville theory 
including 2g — 2 + n degenerate fields Va=_™ . Studying the relevance of the theories defined in 
[1] for the AGT construction is matter of future investigation. 
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